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Abstract 

The Shapley value, one of the most common solution concepts of cooperative game theory is defined 

and axiomatically characterized in different game-theoretic models. Certainly, the Shapley value can 

be used in interesting sharing cost/reward problems in the Operations Research area such as 

connection, routing, scheduling, production and inventory situations. In this paper, we focus on the 

Shapley value for cooperative games, where the set of players is finite and the coalition values are 

interval grey numbers. The central question in this paper is how to characterize the grey Shapley value. 

In this context, we present two alternative axiomatic characterizations. First, we characterize the grey 

Shapley value using the properties of efficiency, symmetry and strong monotonicity. Second, we 

characterize the grey Shapley value by using the grey dividends. 

Keywords: Cooperative games; uncertainty; grey numbers; the Shapley value; dividends; decision 

making; Operations Research. 

1. Introduction 

 

The grey system theory, established by Deng, (1982), is a new methodology that focuses on the study 

of problems involving small samples and incomplete information. In the natural world, uncertain 

systems with small samples and incomplete information exist commonly. That fact determines the 

wide range of applicability of grey system theory (Sifeng et al., 2011). In real life situations, potential 

rewards/costs are not known exactly and these costs often change slightly from one period to another. 

For instance, ordering costs for a specific product being dependent on the transportation facilities might 

also vary from time to time. Changes in price of oil, mailing and telephone charges may also vary the 

ordering costs. Therefore, grey system theory, rather than the traditional probability theory and fuzzy 
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set theory, is better suited to model the sharing of reward/cost problems by using cooperative game 

theory (Dror and Hartman, 2011, Olgun and Alparslan Gök, 2013, Palanci et al., 2014). 

The Shapley value, which is proposed by Lloyd Shapley in his 1953 Ph.D. dissertation, is one of the 

most common single-valued solution concepts in cooperative game theory. It is characterized for 

cooperative games with a finite set and where coalition values are real numbers (Shapley, 1971, 

Aumann and Hart, 2002, Roth, 1988). In the sequel, the Shapley value has captured much attention 

being extended in new game theoretic models and widely applied for solving reward/cost sharing 

problems the Operations Research and other related fields (see Baker, 1965, Borm et al., 2001, Curiel, 

1989, Dror and Hartman, 2011, Littlechild et al. 1977, Meca, 2007, Meca et al., 2004, Mosquera et al., 

2008, Alparslan Gök, 2009). Uncertainty on coaliton values, which is a challenge in the real life 

problems, lead to new models of cooperative games and corresponding Shapley-like values (Alparslan 

Gök et al., 2009, 2010, 2012, Branzei et al., 2003, Timmer et al. 2003, Liao, 2012). In this study, we 

provide alternative axiomatic characterizations of the grey Shapley value on an additive cone of 

cooperative grey games inspired by the Shapley’s axiomatic characterization (see Alparslan Gök et al., 

2010, Derks and Peters, 1993, Shapley, 1971, Young, 1985). 

This paper focuses on the properties of the grey Shapley value and axiomatically characterizes it on an 

additive cone of cooperative grey games
1
. Now, we recall the definition of a cooperative grey game 

(Palanci et al., 2014). 

A cooperative grey game is an ordered pair < , >N w  where  = 1, ,N n  is the set of players, and 

 = : 2Nw    is the characteristic function such that ( ) = [0,0]'w    . We denote by ( )  

the set of interval grey numbers in .  The grey payoff function   = [ , ]'

S S Sw S A A   refers to the 

value of the grey expectation benefit belonging to a coalition 2 ,NS  where SA  and SA  represent 

the maximum and minimum possible profits of the coalition .S  So, a cooperative grey game can be 

considered as a cooperative game with grey profits .  Grey solutions are useful to solve reward/cost 

sharing problems with grey data using cooperative grey games as a tool. Building blocks for grey 

solutions are grey payoff vectors, i.e. vectors whose components belong to ( ) . We denote by 

( )N
 the set of all such grey payoff vectors, and 

NG  the family of all cooperative grey games. 

To the best of our knowledge, no study exists on axiomatic characterization of the grey Shapley value. 

From this point of view, this study is a pioneering work on a promising topic. In the sequel, there are 

two main contributions in this paper. One of them is the characterization of the grey Shapley value with 

the aid of the properties of efficency, symmetry and strong monotonicity. The other one provides a 

different characterization for the grey Shapley value by using the grey dividends. 

The paper is organized as follows. In Section 2, we review basic notions and facts from the theory of 

cooperative grey games. We introduce the strong monotonicity property of the grey Shapley value on 

the class grey size monotonic games and give an axiomatic characterization of the grey Shapley value 

on a special subclass of cooperative grey games in Section 3. Section 4 provides the grey dividends and 

gives a characterization of the grey Shapley value by using them. The final section gives an overview, 

some remarks and a note on further research. 

 

2. Preliminaries 

This section provides some preliminaries from grey calculus, the theory of cooperative grey games and 
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the grey Shapley value (Branzei et al., 2003, Liao, 2012, Palanci et al., 2014). 

A number denoted by , ,a a  
 where a  is called the lower limit and a  is called the upper limit 

for   is called an interval grey number. Now, we give some operations on interval grey numbers. 

Let 

    1 2, , <  and , , < .a b a b c d c d     

 

The sum of 1  and 2 ,  written 1 2 ,   is defined as follows: 

  1 2 , .a c b d      

 

Assume that  , ,a b  < ,a b  and k  is a positive real number. The scalar multiplication of k  and 

  is defined as follows: 

  , .k ka kb  

 

Let 1 2, ( )    with  1 , ,a b   <a b ;  2 , ,c d   <c d , 1 = b a   and   . Then, 

  

    (i)  1 2 ,a c b d     ; 

 

    (ii)  = ,a b   .  

 

By (i) and (ii) we see that ( )  has a cone structure. 

In this study, we examine some interval calculus from the theory of cooperative interval games. We 

define 1 2  , only if b a d c   , by  1 2 ,a c b d     . Note that a c b d   . We recall 

that  ,a b  is weakly better than  ,c d , which we denote by    , ,a b c d , if and only if a c  and 

b d . We also use the reverse notation    , ,a b c d , if and only if a c  and b d  (for details see 

(Alparslan Gök et al., 2009, 2011, Branzei et al., 2003)). 

Now, we recall the definition of a cooperative interval game and some basic notions from the theory of 

cooperative interval games. (Alparslan Gök et al., 2009, 2010). A cooperative interval game is an 

ordered pair < , >N w  where  = 1, ,N n  is the set of players, and : 2 ( )Nw I  is the 

characteristic function such that ( ) = [0,0].w   Here, ( )I  is the set of all nonempty, compact 

intervals in . For each 2NS , the worth set (or worth interval) ( )w S  of the coalition S  in the 

interval game < , >N w  is of the form [ ( ), ( )]w S w S , where ( )w S  is the lower bound and ( )w S  is 

the upper bound of  w S . The family of all interval games with player set N  is denoted by NIG . 

Note that, if all the worth intervals are degenerate intervals, i.e. ( ) = ( )w S w S  for each 2 ,NS  then 

the interval game < , >N w  corresponds in a natural way to the classical cooperative game < , >N v  

where   = ( )v S w S  for all 2 .NS  Some classical cooperative games associated with an interval 

game Nw IG  have played a key role, namely the border games < , >N w , < , >N w  and the length 
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game < , >,N w  where      =w S w S w S  for each 2 .NS  Note that = .w w w  

Next, we recall that the definition of the grey Shapley value and the properties of the grey Shapley 

value (Palanci et al., 2014). 

For 
1 2, , Nw w w IG  and 

1 2,' ' Nw w G  we say that 
1 1 2 2

' 'w w w w    if 
1 2( ) ( )' 'w S w S  where 

 1 1( )'w S w S  and  2 2( )'w S w S  and, for each 2NS .  

 For 
1 2,' ' Nw w G  and    we define 

1 2< , >' 'N w w  and < , >'N w  by 

1 2 1 2( )( ) = ( ) ( )' ' ' 'w w S w S w S   and ( )( ) = ( )' 'w S w S   for each 2NS . So, we conclude that 
NG  

endowed with   is a partially ordered set and has a cone structure with respect to addition and 

multiplication with non-negative scalars described above. For 
1 2,' ' Nw w G  where 

1 1 2 2,' 'w w w w   

with 1 2( ) ( )w S w S  for each 2NS , 
1 2< , >' 'N w w  is defined by 

   1 2 1 2 1 2( )( ) = ( ) ( )' ' ' 'w w S w S w S w S w S    . 

We call a game < , >'N w  grey size monotonic if < , >N w  is monotonic, i.e., ( ) ( )w S w T  for 

all , 2NS T   with S T . For further use we denote by 
NSM G  the class of all grey size monotonic 

games with player set N . 

The grey marginal operators and the grey Shapley value are defined on 
NSM G . Denote by ( )N  

the set of permutations : N N   of N . The grey marginal operator : ( )N Nm SM G   

corresponding to  , associates with each 
' Nw SM G  the grey marginal vector ( )'m w

 of 'w  

with respect to   defined by 

 
   ( ) ( ) ( ) ( )

( ) = ( ( ) ) ( ( )) [ , ]' ' '

i P i i P i P i i P i
m w w P i i w P i A A A A  

    
      for each i N , where 

 1 1( ) = | ( ) < ( )P i r N r i    , and 
1( )i 

 denotes the entrance number of player i . For grey size 

monotonic games < , >'N w ,    ( ) ( )' 'w T w S w T w S    is defined for all , 2NS T   with S T  

since ( ) = ( ) ( ) = ( )w T w T w S w S . Now, we notice that for each 
' Nw SM G  the grey marginal 

vectors ( )'m w
 are defined for each ( )N  , because the monotonicity of w  implies 

   S i S i
A A

 
   

S SA A , which can be rewritten as 
   S SS i S i

A A A A
 

   . So, 

      ( ) ( )' 'w S i w S w S i w S      is defined for each S N  and i S . We notice that all the 

grey marginal vectors of a grey size monotonic game are efficient grey payoff vectors. 

for each .' Nw SM G  

We call a map : ( )' N NSM G   a solution on 
NSM G . 

A solution '  satisfies additivity if 
1 2 1 2( ) = ( ) ( )' ' ' ' ' ' 'w w w w     for all 

1 2,' ' Nw w SM G . 

 

Proposition 2.1 The grey Shapley value : ( )' N NSM G   is additive.  

 

Let 
' Nw SM G  and ,i j N . Then, i  and j  are called symmetric players, if 

   ( ) ( ) = ( ) ( )' ' ' 'w S j w S w S i w S    , for each S  with ,i j S . 
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A solution '  satisfies symmetry property if ( ) = ( )' '

i jw w   for all 
' Nw SM G  and all 

symmetric players i  and j  in w . 

 

Proposition 2.2 Let ,i j N  be symmetric players in 
' Nw SM G . Then, ( ) = ( )' ' ' '

i jw w  .  

 

Let 
' Nw SM G  and i N . Then, i  is called a dummy player if    ( ) = ( ) ( )' ' 'w S i w S w i  , for 

each 
 \

2
N i

S . 

A solution '  satisfies dummy player property if  ( ) = ( )' ' '

i w w i  for all 
' Nw SM G  and all 

dummy players i  in 'w . 

 

Proposition 2.3 The grey Shapley value : ( )' N NSM G   has the dummy player property, i.e. 

 ( ) = ( )' ' '

i w w i  for all 
' Nw SM G  and for all dummy players i  in 'w .  

 

A solution '  satisfies efficiency if 
=1

( ) = ( )
n ' '

ii
w w N  for all 

' Nw SM G . 

 

Proposition 2.4 The grey Shapley value : ( )' N NSM G   is efficient, i.e., 

( ) = ( )' ' '

ii N
w w N


 .  

 

3. Research Literature 

 

In this section, some literature leading to grey system theory and the theory of cooperative games is 

provided in historical order. Shapley (1953) introduced the Shapley value which is one of the common 

solution concepts in cooperative game theory. Deng (1982) studied the stability and stabilization of a 

grey system whose state matrix is triangular. Furthermore, the displacement operator and established 

transfer developed by the author are the indispensable tool for the grey system theory. Borm et al. 

(2001) made a survey on the research area of cooperative games associated with several types of 

Operations Research problems in which various decision makers (players) are involved. Liu and Lin 

(2006) published a book in which they extensively described the grey system theory and its 

applications. Jahanshahloo et al. (2006) investigated the problems of consensus-making among 

individuals or organizations with multiple criteria for evaluating performance when the players are 

supposed to be egoistic and the score for each criterion for a player is supposed to be an interval. Fang 

et al. (2006) studied the pure strategy of the grey game and its solution concept called the grey pure 

strategy solution. Liu and Kao (2009) developed a solution method for the two-person zero-sum game, 

where the payoffs are imprecise and represented by interval data. Alparslan Gök et al. (2009) 

introduced the class of convex interval games and extended classical results regarding the 

characterizations of convex games and the properties of solution concepts to the interval setting. 

Branzei et al. (2010) briefly presented the state-of-the-art of the cooperative interval games. They 

discussed how the model of cooperative interval games extends the cooperative game theory literature, 

and reviewed its existing and potential applications in economic and Operations Research situations 

with interval data. Sifeng et al. (2011) introduced the elementary concepts and the fundamental 

principles of grey systems, and the main components of grey system theory. Alparslan Gök (2012) 
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characterized the Shapley value by using interval calculus. Olgun and Alparslan Gök (2013) introduced 

the cooperative grey games and focused on Sharing Ordering Cost rule (SOC-rule) to distribute the 

joint cost. Palanci et al. (2014) characterized the Shapley value by using the grey numbers. 

 

4. Strong monotonicity and a characterization 

 

In Palanci et al., 2014, it is shown that the grey Shapley value satisfies additivity, efficiency, symmetry 

and dummy player properties on the class of grey size monotonic games. Now, we give another 

property of the grey Shapley value on the same class and show that this property together with 

efficiency and symmetry characterize the grey Shapley value on a cone of grey games which is the 

main novelty of this study. 

A solution '  satisfies strong monotonicity if 
1 2( ) ( )' '

i iw w   for all 
1 2,' ' Nw w SM G  that satisfy 

   1 1 2 2( ) ( ) ( ) ( )' ' ' 'w S i w S w S i w S      for all 2NS ,where 

         1 1 2 2w S i w S w S i w S     and 
1 1 2 2, .' 'w w w w   

 

Proposition 4.1 The grey Shapley value : ( )' N NSM G   is strong monotonic
1
, i.e. if 

   1 1 2 2( ) ( ) ( ) ( )' ' ' 'w S i w S w S i w S      for all 2 ,NS  where 

         1 1 2 2 ,w S i w S w S i w S     and 
1 1 2 2, ,' 'w w w w   then 

1 2( ) ( )' ' ' '

i iw w   for all 

1 2,' ' Nw w SM G .  

 

Proof. The proof is immediate from (3).    

We can say that the grey Shapley value has the property that if a player contributes at least as much to 

any coalition in a game 
1

' Nw SM G  than in a game 
2

' Nw SM G  then his/her payoff from the grey 

Shapley value in 
1

'w  is at least as large as that in 
2

'w . 

Let  2 \NS  , ( )  and let Su  be the classical unanimity game based on S  (see (Moore, 

1979)). The cooperative interval game < , >SN u  is defined by ( )( ) = ( )S Su T u T   for each 

 2 \NT   , and its Shapley value is given by  

 
 

/ ,
( ) =

0,0 , .

'

i S

S i S
u

i S

 
  



 

We denote by 
NK G  the additive cone generated by the set  

   = | 2 \ , ( ) .N

S S SK u S      

So, each element of the cone is a finite sum of elements of K . 

 

Remark 4.1 We notice that 
N NK G SM G , and axiomatically characterize the restriction of the 

grey Shapley value to the cone 
NK G  . That is, all the properties of the grey Shapley value are 

inherited on 
NK G .  

                                                      
1
 Strong monotonicity property is introduced by (Young, 1985) for the crisp case. 
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Theorem 4.1
1
 There is a unique solution : ( )' N NK G   satisfying the properties of 

efficiency, symmetry and strong monotonicity. This solution is the grey Shapley value.  

 

Proof.
2
 From Propositions 2.2, 2.4, 3.1 and 

N NK G SM G  we obtain that '  satisfies the three 

properties on 
NK G .  

Conversely, let '  be an interval value satisfiying the three properties on 
NK G . We have to show 

that =' '  . 

  

    (i) Let 'w  be the game which is identically an element of a zero interval. In this game, all players 

are symmetric, so symmetry and efficiency together imply ( ) ([0,0], ,[0,0])' 'w  . 

 

    (ii) Let i  be a dummy player in the game 'w . If the condition in strong monotonicity applied to 
'w  and 'w  with all inequalities being equalities then by strong monotonicity we have 

( ) ( )' ' ' '

i iw w   and ( ) ( )' ' ' '

i iw w  . Hence by (i), ( ) [0,0]' '

i w  . 

(iii) Let ( )  and  2 \NT   . Then (ii) implies ( ) [0,0]'

i Tu    for all \i N T , and 

symmetry and efficiency imply ( ) ='

i Tu
T


   for every i T . Hence, ( ) =' T

Tu e
T


  . 

 

   (iv) Each 
' Nw K G  can be written as 

 2 \
='

N T TT
w u

 
  by definition.  

 

To prove ( ) = ( )' ' ' 'w w   we use induction on the number ( )'w  of terms in 
 2 \N T TT

u
 

  with 

[0,0]T  . 

If ( ) = 0'w  then by (i), ( ) = ( ) ([0,0], ,[0,0])' ' ' 'w w    and if ( ) =1'w  then by (iii), 

( ) = ( )' ' ' 'w w   because ( ) =' T

Tu e
T


  .  

Assume that ( ) = ( )' ' ' 'w w   for all 
' Nw K G  with ( ) <'w k , where 2k  . Let 'w  be a game 

with ( ) ='w k . Then there are coalitions 1 2, , , kT T T  and interval grey numbers 

1 2, , , [0,0]k    , such that 
=1

=
k'

r Tr r
w u . Let 

=1:= k

r rD T .  

 For \i N D , define 
:

:='i

r Tr i T rr

w u

 . The induction hypothesis implies that ( ) = ( )' 'i ' 'i

i iw w   

because ( ) <'iw k . Further, for every 2NS ,  

    
=1 =1

( ) ( ) = ( ) ( )
k k

' '

r T r T
r r

r r

w S i w S u S i u S        

                                                      
1
 This characterizarion is a straightforward generalization of Young, 1985. 

2
 We follow the steps of Peters, 2008. 
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  
: :

= ( ) ( )r T r T
r r

r i T r i T
r r

u S i u S
 

      

  = ( ) ( ).'i 'iw S i w S   

Therefore by strong monotonicity of '  and '  we have  

 ( ) = ( ) = ( ) = ( )' ' ' 'i ' 'i ' '

i i i iw w w w     implying that  

 ( ) = ( ) for all \ .' ' ' '

i iw w i N D    (1) 

Equation (1) and efficiency for '  and '  implies  

  ( ) =  ( ).' ' ' '

i i

i D i D

w w
 

    (2) 

Let ,i j D , then for every  \ ,S N i j  we have  

          
=1 =1

( ) = ( ) = ( ) = ( ) 0,0 ,
k k

' '

r T r T
r r

r r

w S i u S i u S j w S j         

so i  and j  are symmetric.  

Hence, by symmetry of '  and '  we have  

 ( ) = ( ), ( ) = ( ).' ' ' ' ' ' ' '

i j i jw w w w     (3) 

Finally ( ) = ( )' ' ' 'w w   follows from (1), (2) and (3) which completes the proof.    

By the above theorem we see that the strong monotonicity provides a simple characterization of the 

grey Shapley value without resorting to the usual additivity and dummy player properties. 

 

5. Grey dividends and a characterization 

 

In this section we give a different characterization for the grey Shapley value in terms of grey 

dividends. The grey dividends
1
 for each nonempty coalition T  in a game 

' Nw SM G  are defined 

recursively as follows: 

 

 ( ) := ( ) = [ , ]' ' '

T T Td w w T A A   for all T  with = 1T , 

, , ,
( ) ( ) ( ) ( ) ( ) ( )

( ) := [ , ]

' ' ' ' ' ' '

S S SS T S T S T S T S T S T' '
w T S d w w T S A w w T S A w

d w
T T T

     
  


  

 if 

> 1T .  

 

We notice that for each 
' Nw SM G  the grey dividends are defined with a similar manner as the grey 

marginal vectors.  

The relation between the grey dividends and the grey Shapley value is described in the next theorem. 

The grey Shapley value of a player in a grey game turns out to be the sum of all equally distributed grey 

dividends of coalitions to which the player belongs. 

 

Proposition 5.1 Let 
' Nw K G  and  

                                                      
1
 The definition of interval dividends is a generalization of Peters, 2008. 
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     2 \ 2 \ 2 \

= [ , ].' '

T T T T T T
N N NT T T

w d u A u A u
     

    

Then 

  

    (i)  ( ) =' '

T TT d w   for all  2 \NT   , 

 

    (ii) 
:

( ) = ( )' ' ' '

i TT i T
w d w


   for all i N .  

  

 

Proof. The proof is a straightforward generalization from the classical case and can be obtained by 

following the steps of Theorem 17.7 in (Peters, 2008).    

The following examples illustrate constructing the model and calculating the grey Shapley value by 

using Proposition 4.1. Example 5.1 from (Branzei et al., 2010) illustrates a real life application from an 

OR situation. 

 

Example 5.1 
1
 Let < , >N w  be a cooperative grey game with  = 1,2,3N  and 

   ( 1 ) = ( 1,3 ) [7,7]' 'w w  ,  ( 1,2 ) [7 5,7 10]'w    ,  ( 1,2,3 ) [7 5 12,7 10 12]'w      , and 

( ) [0,0]'w S   in any other case. The grey Shapley value of this game can be calculated as follows:  

 
           1 2 3 1,2 1,3 2,3

1
( ) [7,7], ( ) = ( ) [0,0], ( ) [2 ,5], = [0,0], ( ) [4,4].

2

' ' ' ' ' ' ' ' ' ' ' '

Nd w d w d w d w d d d w       

 1 :1

27
( ) = ( ) [ ,16],

2

' ' ' '

TT T
w d w


   2 :2

13
( ) = ( ) [ ,9],

2

' ' ' '

TT T
w d w


    

 3 :3
( ) = ( ) [4,4]' ' ' '

TT T
w d w


  . So, 

1 1
( ) ([13 ,16],[6 ,9],[4,4])

2 2

' 'w  .  

 

 

Example 5.2 
2
 Let < , >'N w  be a cooperative grey game with  = 1,2,3N  and ( ) [0,0]'w   , 

(1) = (2) = (3) [0,0]' ' 'w w w  , (1,2) = (1,3) = (2,3) [2,4]' ' 'w w w   and ( ) [9,15]'w N  . The grey 

Shapley value of this game can be calculated as follows:  

 
1 2 3( ) = ( ) = ( ) = ( ) [0,0]' ' ' ' ' ' ' 'd w d w d w d w   

 

 1,2 1,3 2,3( ) = ( ) = ( ) [1,2], ( ) [1,1].' ' ' ' ' ' ' '

Nd w d w d w d w   

1 1 1,2 1,3:1
( ) = ( ) = ( ) ( ) ( ) ( ) [1,2] [1,2] [1,1] = [3,5],' ' ' ' ' ' ' ' ' ' ' '

T NT T
w d w d w d w d w d w


        

2 2 1,2 2,3:2
( ) = ( ) = ( ) ( ) ( ) ( ) [1,2] [1,2] [1,1] = [3,5],' ' ' ' ' ' ' ' ' ' ' '

T NT T
w d w d w d w d w d w


        

3 3 1,3 2,3:3
( ) = ( ) = ( ) ( ) ( ) ( ) [1,2] [1,2] [1,1] = [3,5]' ' ' ' ' ' ' ' ' ' ' '

T NT T
w d w d w d w d w d w


       .  

Hence, ( ) ([3,5],[3,5],[3,5])' 'w  .  

                                                      
1
 see (Branzei et al., 2010) for a motivation. 

2
 see also (Alparslan Gök, 2009). 
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6. Conclusion  

 

In this study, we present two alternative axiomatic characterizations of the grey Shapley value. One of 

the characterizations is provided by using the properties of efficiency, symmetry and strong 

monotonicity, and the other one is done by using the grey dividends. 

We notice that whereas the Shapley value is defined and axiomatically characterized for arbitrary 

cooperative games, the grey Shapley value is defined only for a subclass of cooperative grey games, 

called grey size monotonic games. Moreover, the grey Shapley value is axiomatically characterized 

only on the strict subset of grey size monotonic games. The restriction to the class of size monotonic 

games is imposed by the need to establish efficiency of interval marginal vectors, and consequently of 

the grey Shapley value. For further research, the grey Shapley value can be used in interesting sharing 

cost/reward problems the Operations Research area. 
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